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Summary
For each labelled tree T, let |Aut(T)| be the number of automorphisms
T has. Let µn = 1

nn−2

∑
T
|Aut(T)| be the expected order of the

automorphism group for uniform random labelled trees on [n]. It is
well known that there is a constant ρ1 > 1 such that, for all sufficiently
large n,

ρ
n(1−ε)
1 < µn < ρ

n(1+ε)
1 .

We have proved that there is a strictly smaller constant ρ0 such that,
with asymptotic probability one,

ρ
n(1−ε)
0 < |Aut(T)| < ρn(1+ε)

0 .

Thus most trees have an automorphism group that is much smaller than
the average order: if Pn is the uniform probability measure in the set of
all nn−2 labelled trees on [n], then there is a constant δ > 0 such that

Pn

(
|Aut(T)| >

µn

(1 + δ)n

)
= o(1).

An asymptotic formula for E(log |Aut(T)|) is proved, and we
conjecture that |Aut(T)| is asymptotically lognormal.

Motivation
The big picture is that asymptotic enumeration and probabilistic
methods are subfields of discrete mathematics with many diverse
applications in computer science, physics theoretical biology, and
other fields. We are interested in problems that test the limits of what
researchers in these subfields know how to calculate. Three factors
motivated this specific project:

Analogous results for easier tree-families
(Flajolet and Bona, 2009) For rooted non-plane binary trees with
labelled leaves, and also for rooted unlabeled binary non-plane
trees, |Aut(T)| is asymptotically lognormal, and the median order is
much smaller than the average order.
Numerical simulations
Preliminary computations suggested (see Figure 1) that Aut(T) is
approximately lognormal for large n, with a median that is less
than the expected value.

Figure 1: n = 1000, sample size=100,000

Analogous results for 2-regular graphs
The average (over all 2-regular graphs on n vertices) of |Aut(G)| is
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On other hand , the average value of log |Aut(R)|) is
1
4
(ln n)2(1 + o(1)).

We believe (but have not finished proving) lognormality of |Aut(G)|
can be deduced from general theorems of Arratia, Barbour, and
Tavaré on logarithmic combinatorial strucures.

Background
Let Sn be the set of all n! permutations of [n]: For σ ∈ Sn and T ∈ Tn, we
say σ is an automorphism of T if σ induces a permutation of the edges
of T, i.e. {v, w} is an edge of T ⇔ {σ(v),σ(w)} is an edge of T. For
example, consider the following permutation σ ∈ S12: σ(11) = 12;
σ(12) = 11; and σ(i) = i for all i < 11.

Figure 2: Definition of automorphisms

This is one of the 2 · (3!2 · 2!) = 144 automorphisms that the tree in
Figure 2 has.
Theorem 1: (Folklore) The expected number of automorphisms that a
uniform random rooted labeled tree has is

1
|Tn|

∑
T∈Tn

|Aut(T)| = crρ
n(1 + o(1)).

where ρ = ρ0
e ≈ 1.0874, cr ≈ 0.4399237

√
2π = 1.1027....

Main results
Theorem 2: The average value µn of log |Aut(T)| satisfies the asymptotic
formula

µn =
1

nn−2

∑
T

log |Aut(T)| ∼ cn,

where c =
∑
d,B

log(d!)e−λBλ
d
B

d! , λB = 1
|Aut(B)|e|B|, the infinite series converges,

and c ≈0.05132.
Theorem 3: For all sufficiently large n,

Pn(| log |Aut(T)|− µn| > εµn) = o(1)

Methods Used
A.Factorization

|Aut1(T)| =
∏

B

∞∏
d=1

d!N(T,d,B),

where Aut1(T) is the subgroup of Aut(T) consisting of automorphisms
that fix vertex 1, N(T, d, B) is the number of vertices that have exactly d
copies of B as “distal branches ”and the first product is over rooted
unlabelled trees.

For example, if σ =

(
1 2 3 4 5 6 7 8 9 10 11 12
1 2 4 3 6 5 10 12 11 7 8 9

)
, then let

σ ′1 = (3 4)(7 10)(8 11)(9 12) and σ ′0 = (5 6)(11 12), σ ′1σ
′
0 = σ.

Figure 3: σ ′1(T)⇒ σ ′0(σ
′
1(T))

B. Reduction to random mappings(Joyal’s bijection)
A well known bijection of Joyal (between doubly rooted trees and
functions f : [n]→ [n] ) is used to translate the distribution of N(T, d, B)
into a corresponding random variable on the (more tractable) space of
random mappings. For example, if two roots are 1 and 12 in Figure 2,

f = (1, 1, 1, 4, 2, 2, 3, 3, 3, 4, 4, 12).

Methods Used
C. Poisson approximation of N

Recall λB =
1

|Aut(B)|e|B|
and c =

∑
d,B

log(d!)e−λBλ
d
B

d! . When |B| = O(log n)

and d = O(log n), the number of branches isomorphic to B below v in T
converges in distribution to Poisson(λB). So

E(N(T, d, B)) = ne−λB
λd

B
d!
(1 + O(1

n)), and

En(log |Aut(T)|)) ∼ cn.

D. Concentration inequalities(Azuma)
Azuma’s inequality is used to prove that, with high probability (the
random mapping analogue of) N(T, d, B) is near its mean.

Related Results
Subgroup H`: fixes a vertex v if no leaf predecessor of v is within
distance ` of v. Take the following complete binary tree of height 4 for
example, this is a permutation in H1 and all the fixed vertices are 1, 2,
and 3.

Figure 4: σ ∈ H1

Clearly
|H0| 6 |H1| 6 |H2| 6 · · · 6 |Aut(T)|

The generating funtion g0(x) =
∑
n
En(|H0|)xn satisfies

g0(x) =
x

1 − x
eg0(x)−x which makes it possible to prove

Theorem 4:
En(|H0|) ∼ c · αn,

where c ≈ 1.084643, α = 1.0788. On the other hand, there is a constant
α0 ≈ 1.045651243 such that, with asymptotic probability one,

α
n(1−ε)
0 < |H0(Tn)| < α

n(1+ε)
0 .

Similar results were proved for H1, with a slightly larger constant
α1 ≈ 1.0524159 , and for unrooted trees.

Work in Progress
We hope to prove that |Aut(T)| and |H`| are asymptotically lognormal.
using the methods of Pittel[3].
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